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THE PREDICTION OF INTER-ELECTRODE BREAKDOWN
IN MAGNETOHYDRODYNAMIC GENERATORS
I. Introduction
In this paper, a method of calculation of inter-electrode electrical
breakdown phenomena in magnetohydrodynamic generators is presented. Inter-
electrode breakdown is observed to occur in experimental MHD generators
with channel pressures near atmospheric whenever the Hall voltage between
adjacent electrode segments exceeds a critical value which varies between
30 and 100 volts. When breakdown occurs, the local Hall voltage across
the segments decreases suddenly and a large axial current is believed to
flow over the insulator segment. If the generator volume to surface area
is large enough, the breakdown current can drive into the electrode wall
under the action of the Lorentz force and cause physical destruction of
the channel wall.
Since the breakdown development is an inherently unsteady electrical
shorting occurring in general within a turbulent, compressible fluid
mechanical boundary layer, the description of the flow will be framed in
terms of the turbulent fluid equations with Lorentz forces present. The
time scale for development of the breakdown arc for MHD generators oper-
ating under power generation conditions can be estimated to be of the order
of 10-3 sec. The turbulent fluctuations at the Reynolds numbers of
interest have time scales of the order of 10-6 sec. Thus, the fluid will
be described in terms of mean velocity, pressure, temperature, etc., over
the turbulent time scale, but these mean variables will be considered to
be functions of time over the electrical breakdown time scale.
The breakdown arc can in general be expected to be a three dimensional
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phenomenon. Experimental evidence bearing on this point in MHD generator
channels is at this time still contradictory. Examination of the electrode
walls of combustion driven generators reveals definite spots along the
magnetic field direction of the electrode at which arc damage occurs.1 In
closed cycle generators, however, careful image converter diagnostic of the
discharge structure in the magnetic field direction indicates that electro-
thermal arc streamers which are significantly nonuniform in the axial
direction across the electrode are quite uniform in the magnetic field
direction along the electrode and essentially layered or two dimensional
structures.2 In the present study we shall treat the two dimensional break-
down arc within the context of a two dimensional boundary layer theory.
Three dimensional models can follow the initial results of a two dimensional
model if the two dimensional model proves inadequate in describing exper-
imental observations.
In Part II a formulation of the unsteady fluid equations for the
electrode wall boundary layer is presented. In Part III expressions for
the turbulent transport terms are presented and discussed. In Part IV
the electrical problem is formulated and the procedure for calculation of
the instantaneous electric field and current distribution corresponding
to the instantaneous distribution of velocity and electrical conductivity
in the boundary layer region is presented. In Part V a computational
procedure for the solution of the unsteady boundary layer equations with
Lorentz forces is described.
II. Fluid Conservation Laws for the Electrode Wall Layer
The electrode wall region is specified in terms of an axial coordinate
x which runs along the wall and a transverse coordinate y which is normal
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to the wall (Fig. 1). The turbulent mean fluid mass density p, velocity
u , u y pressure p, enthalpy h, and internal energy e are governed by the
fluid conservation laws which are unsteady in time t.
mass:
(p)t + (pu ) + (pu ) = 0 (1)
axial momentum:
(pu ) + (pu 2 + P) x+ (u u y) = x + [(P+E)(u ) ] (2)
transverse momentum:
(Pu ) + (pu u ) + (pu + p) = JxB (3)y t x yx y y y(3
energy:
2 2 2
(pe + p ) + [pu (h + )] + [pu (h + )
2 
- - 2
= J*E + [( + )(h + -H-) ] + {[y(1-P ) + 6 )] ()} (4)
Differentiation is denoted by parentheses with subscripts as ( ) etc.
The dynamic molecular viscosity and thermal conductivity are i and X
respectively. The turbulent viscosity c is defined by
<u 'u '>
= P ) (5)
x y
where the average < > is over the turbulent fluctuation time scale and
u ', u ' are the fluctuating velocity components. The molecular and tur-
bulent Prandtl numbers P, Pt are defined as
P = (6)
C E:
P = (7)t K
The turbulent heat conduction coefficient K is defined in a manner similar
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to the turbulent viscosity.
The heat conduction term in Eq. (4) is correct if the enthalpy is
not a strong function of pressure or if the transverse pressure gradient
through the boundary layer is not large. In the case in which P = P = 1
the heat conduction and viscous work terms on the right hand side of Eq. (4)
simplify significantly. For conventional turbulent gaseous boundary
layers on flat plates these Prandtl numbers are close to unity. It will
be assumed that P = P = 1 in what follows for purposes of simplifying the
analysis. This is not an essential assumption for the method of solution
to be described in Part V and the full dissipative terms proportional to
P - 1, Pt - 1 can be included if necessary.
The current and field , which appear in the Lorentz force and
power terms are to be interpreted as the mean current and field over the
turbulent time scale. The coupling of fluctuating Lorentz forces with the
fluctuating turbulent momentum and pressure forces is assumed to be
negligible (neglect of turbulent damping by the fluctuating current) since
the ratio of the square of the Hartmann number to the Reynolds number is
small for the MHD channel flows of interest in base load generators.
The fluid equations are completed by an equation of state of the
form
p = p(p, e)
For the solution technique to be employed we shall use as dependent
variables describing the fluid its mass, momentum, and total energy
density: p, m = pu , m = pu , e. The total energy density e is the sum
xx y y
2of the internal energy density pe and the kinetic energy density p-a-. We
shall assume that u2 - u 2 since u << u in the boundary layer region.
e fy x
The fluid state mayr then be compactly described in terms of the vector
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function U (x, y, t)
p
m
U = x
- m
y
'e
The fluid conservation equations (i) - (4) may then be expressed as the
system
(U) = -() - (F) + [(+)(D)] + S
The vectors F , F contain the flux of mass,
F (U) -
-x -
F (U)
-7-~
mx
M 2
x + p
p
m m
x y
p
(e+p)mx
p
y
m m
x y
m 2
_y + p
p
(e+p)_
p
momentum, and energy:
(10)
(11)
The vector D contains the elements of the fluid state which are diffused
through the boundary layer region:
D(U)
0
m
x
p
0
(e+p)
(12)
(8)
(9)
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The vector S contains the Lorentz force and power expressed in terms of
the current 1, field t, and magnetic induction
0
Jx
S(U,x,y,t) = (13)
y
For an electrode wall surface parallel to the magnetic field as shown in
Fig. 2-1, the elements of S are
Jx = J B
x y
lx = -J B
y x
= J E + J E
x x y y
The boundary conditions for the fluid equations are that the fluid
state approach the free stream fluid state at the boundary layer edge:
U + U at y + 6. At the wall the requirements are that the velocity (and
hence momentum densities) go to zero while the energy density takes a
value which corresponds to the local wall temperature. At a given upstream
coordinate x = x the full fluid state profiles U (x_ , y, t) must be given
as a function of y.
The initial condition required is the fluid state U at all points
in the domain at t.ime t = 0. This state may correspond to the state for
a conventional boundary layer on the wall with the current turned off or
at a fixed level.
III. Turbulent Transport
Equations (9) are not closed because the dependence of the turbulent
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viscosity e on the mean fluid variables has not been given. For steady
flow in conventional (non-MHD) boundary layers, there are a variety of
models based on the Prandtl mixing length theory which provide the func-
tional dependence of e on the mean flow variables. In MHD boundary layers
with small Hartmann numbers it may be argued that the non-uniformity of
the Lorentz forces exists on a length scale of the order of the electrode
or insulator length. Since this length is large compared to the dominant
fluctuating length scales for turbulent transport of momentum and energy
at the Reynolds numbers of interest, it is likely that a theory which
represents the functional dependence of e on the local mean flow variables
ignoring Lorentz forces may still account approximately for the turbulent
transport with Lorentz forces present. In such a model, the only way in
which the Lorentz forces may alter the turbulent transport is through
their impact on the mean flow variables. They do not appear directly in
the turbulent transport coefficients.
We remark that the neglect of the direct effect of the Lorentz forces
on the turbulent transport coefficients is at this time not rigorously
justified although the disparity of the length scale for Lorentz force
nonuniformity (electrode length Z ) and the turbulent transport length
scale (the mixing length Z ) with C << 1 makes such a model plausible.
ee e
Detailed computational studies utilizing the instantaneous Navier-Stokes
equations with M4D effects included may help ultimately resolve the manner
in which nonuniform Lorentz forces alter turbulent transport.
According to the mixing length hypothesis, the turbulent viscosity C
is proportional to the mean velocity gradient with the square of the Prandtl
mixing length I appearing as the proportionality constant:
2 (14)
e y
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The mixing length Z is then expressed in terms of the Van Driest3
model as
Z = kyg(y) (15)
where k is a non-dimensional order unity constant and g(y) is a matching
function which merges the laminar region near the wall [g(y) -+ 0 for
y -* 0] with the turbulent outer region [g(y) + 1 for y -+ 6 where 6 is
the boundary layer thickness]:
g(y) = 1 - exp[-yVT(y)p/y / A+] (16)
The constant A+ is a non-dimensional constant and T(y) is the local
shear stress. For conventional boundary layers on flat plates, good
agreement with experiments over a wide range of axial pressure gradients
has been obtained with the values 4
k = 0.44
A+ = 26
In the calculation of conventional boundary layers on flat plates, the
shear stress T(y) appearing in the matching function g(y) is usually set
equal to the wall shear stress T(0) since the shear stress is quite
uniform through such boundary layers. In flows with axial pressure grad-
ients, however, the shear stress can vary markedly through the boundary
layer and the local shear stress T(y) should be used.5 Since decelerating
Lorentz forces are present in the boundary layers of the present
calculation, the local shear stress will be used in Eq. (16).
IV. Fields and Currents in the Boundary Layer
In the low magnetic Reynolds number regime the magnetic field B is
assumed to be imposed and will be taken as a spatially uniform field.
The currents J = (J ,J y) and fields E = (E ,E y) are assumed to be two
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dimensional (uniform in magnetic field direction) and are related by
Ohm's law
= (+ ux$) (17)
a 1+ 2 (18)
and the Maxwell Equations
V-J= 0 VXE = 0 (19)
The electrode wall is assumed to have the geometry of Fig. 1, where on
the electrode surface the axial field E vanishes while on the insulator
surface the transverse current J vanishes. At the outer edge of the
y
boundary layer two electrical variables of the core flow region- must be
specified. These are usually taken as the transverse current J and the
yco
axial field E
The Maxwell equations (19) which govern the electrical behavior in
the boundary layer imply the existence of a current stream function T and
a potential 4 such that
i VXT(20)J = Vx'P20
t= -VD (21)
When combined with Ohm's law, the electrical behavior is described by
either of the equivalent representations in or D:
V-u-(VD - ux ) = 0 (22)
x(C)-xT= 0 C23)
The solution of the elliptic Eqs. (22)-(23) at each instant of time for
the potentials I (x,y,t), TP (x,y,t) given the instantaneous conductivity
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S(x,y,t) and velocity S (x,y,t) generally requires a finite difference
approach. The finite difference solution of Eq. (22) or (23) will
generally be the most time consuming part of the entire fluid-electrical
calculation consisting of the solution of Eqs. (9) and (22) or (23).
In lieu of the finite difference approach an approximate solution of
the electrical problem based upon a finite element model may be used. In
a finite element model of the electrode wall electrical behavior the wall
is divided into an electrode region and an insulator region as shown in
Fig. 2. The transverse currents and axial fields are represented in terms
of the core values J0, E as the model functions
Jy. = J (y)yi yW Y
I
E.= E [q(y) + (1 + t )(l - $y)
xi XOO( e(
(24)
Jye = Jyj{$(y) + (1 + - -)(l - $(y))]ye yCOIe
e
E = E_*y
xe XO
The remaining currents and fields are determined from these model distri-
butions and the Ohm's law with the instantaneous velocity, conductivity,
and Hall parameter distributions:
1+ .2
E . = u .B + J . - 0(E . +u .B)yi xi a. yi i( xi yiB
J . = a.(E. + u.B) - .J .xi a( xi yB i J yi
2 (25)
E = u B + J - 6(E + u B)ye xe ae ye e xe ye
xe = a(E +u eB) e ye
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The subscripts 'i' and 'et denote insulator and conductor regions respec-
tively. The function $(y) is a matching function which has the properties
= 0 $(6e)
where 6 is the edge of the "electrical" boundary layer. If 6 is the
fluid boundary layer thickness and I = min(l. ,l ) then in the case where
m 1 e
6 << Zm, the controlling length for the electrical nonuniformity is
6 = 6 as shown in Fig. 3. In the case where 6 >> Z there are two
e m
layers: a gas gradient layer (6) and a conductor-insulator nonuniformity
layer. A buffer region exists for y > Z in which gas nonuniformities
are principally transverse and the conductor-insulator nonuniformity is
not apparent as shown in Fig. 4. In this buffer region, Maxwell's
equations require
yb
Exb XO
The remaining components J , E are calculated from Ohm's law for the
buffer layer with the variation of a,a and u ,u given by the gas boun-
x y
dary layer property distributions. At the electrical layer edge where
y = 6 = tm the boundary conditions are the same as those for Eqs. (24)
since the transverse current and axial field are conserved through the
buffer layer.
It is readily shown that these model functions satisfy the integral
forms of Eqs. (19) exactly on a contour coincident with the boundary in
a periodic electrode wall structure. On other contours the Maxwell
Equations are satisfied only approximately by the functions (24).
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V. Solution of the Unsteady
Magnetohydrodynamic Boundary Layer Equations
The time evolution of a breakdown arc requires the simultaneous
solution of Eqs. (9) for the fluid state U and the Maxwell equations for
the electrical state i,J. Equations (9) are unsteady convective-diffusion
equations with electrical source terms. A finite difference procedure
for the solution of Eqs. (9) will now be described.
A finite difference grid of increments 6x, 6y is established along
the electrode wall such that x = jcx, y = l6y where j, I are integers.
The time coordinate is similarly discretized with increment 6t such that
t = n6t where n is an integer. The fluid state at time t we then denote
with a superscript notation as Un.
It is convenient to consider the finite difference advancement of the
fluid state in time as composed of two operations: a first in which the
convective and source terms are advanced and a second step in which the
diffusion terms are advanced. An explicit second order accurate finite
difference procedure for the convective and Lorentz terms is the following:
U* = Un - + F (Un) _ 6t +' F (Un) + 6t S(un)Sx x -X - 6y y -y---
=6 _
U' = 1/2 {Un + U* - At - F (U*) - T A F (U*) + 6t S(U*)} (26)6x X -X - y y -y
The forward and backward difference operators are defined as
A f(x,y) = f(x + 6x,y) - f(xy)
x
A- f(xy) = f(x,y) - f(x - 6x,y)
x
A f(x,y) = f(x,y + 6y) - f(x,y)
y
A- f(x,y) = f(x,y) - f(x,y - 6y)
y
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In the absence of diffusion terms the state _U~ is given in terms of the
previous state U' by
Un+ = U'
This calculation is accurate to second order (i.e., the difference between
n+l n+l
U calculated from the finite difference system (26) and _Un predicted
from the differential equation (9) is proportional to terms which are
third order in 6t, 6x, 6y).
The procedure (26) is also conditionally stable based upon the
Courant condition in which the time step 6t must satisfy the restriction6
u u -
6t < -2L + - + c/6x-i+ y-}
-6x 6y
where c is the local speed of sound.
A second step must now be executed with diffusion terms present
which is similarly accurate to second order. With diffusion terms present
the final step is
Un+ U ' 6t A+( -e)A + A~(i+,)A+][D(Un+1 ) + D(U')] (27)y y y y - -
The combined operation of Eqs. (26) and (27) yields a fully stable second
order accurate system for the solution of the unsteady MHD boundary layer
equations. The finite difference diffusion operator has been taken as
7the Crank-Nicholson operator. The second step Eq. (27) is therefore
implicit. Since the diffusion operator appears only in the axial momentum
and energy equations, the second step Eq. (27) need only apply to these
two equations with the density p and the transverse momentum m already
y
advanced to their values at t = (n+1)6t. The axial momentum m and the
x
energy e are then determined in order from Eq. (27). In the case of the
energy, the term (e+p)/p appears. However, from the equation of state
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for an ideal gas the pressure is given in terms of the energy by
p =(y-1)(e - m2/p)
x
and hence p may be eliminated in favor of e and the known momentum m .
The last of Eqs. (27) then becomes an implicit system only in e n+. These
particular implicit equations in m n+l and en+l can be solved by means
x
of a rapid Gaussian elimination algorithm.
The procedure for the solution of the combined fluid-electrical
behavior is as follows. An initial fluid state is given: U (x,y,O).
This state implies a given conductivity and Hall parameter distribution
a(x,y), a(x,y). Based on these distributions and the imposed core vari-
able (J ,E ) the electrical state St is determined from Eqs. (25).
These new currents and fields then imply a new Lorentz vector S. The
fluid equations (9) in their finite difference form (26) and (27) are
then solved for the next time increment with the new Lorentz vector to
yield the new fluid state Ul(x,y). The complete cycle is then repeated
for subsequent states U2 , U3.
VI. Breakdown in a Combustion Driven Generator
We now illustrate the foregoing theory with an illustrative calcu-
lation of inter-electrode breakdown on an MHD generator segmented electrode
wall operating under combustion driven conditions. The electrode wall is
assumed to be a periodically segmented wall with conductor and insulator
segments of equal length. The boundary layer on the wall is coupled both
electrically and gas-dynamically to the core so that when the wall breaks
down and the Hall voltage is shorted, the loading of transverse current
J in the core decreases.
In the first breakdown situation to be described, for time t < 0,
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the generator is turned off electrically and a steady boundary layer is
established on the electrode wall corresponding to the given wall condi-
tions. At time t = 0, a loading is suddenly imposed on the generator
corresponding to a given transverse loading parameter K = E (UB) .
The load impedance and wall temperature are then held constant and the
response of the electrode wall boundary layer is computed for times t > 0.
The conditions for this calculation are nominal combustion driven generator
conditions of
U (core velocity) 750 m/sec
T (core temperature) 25000 K
P (core static pressure) 1 atm
Tw (wall temperature) 18000 K
6 (boundary layer thickness) 5 mm
H (channel height) 25 cm
B (magnetic field) 5 Tesla
z (electrode length) 1 cm
In Fig. 5 the response of the Hall voltage between segments (V ) is shown
for different imposed loadings ranging from K = 0.9 to K = 0.3. It
y y
can be seen that for loading parameters less than about 0.85 the voltage
V responds monotonically and reaches a steady operating value. For
x
these high values of the transverse loading parameter, the core currents
are small and the inter-electrode Hall voltage is less than 40 volts.
For successively heavier loading of the generator, however, the inter-
electrode Hall voltage no longer responds monotonically but reaches a
maximum value, breaks over, and diminishes to a steady operating value
less than 50 volts. It may be noted that the characteristic breakdown
time scale is of the order of 1 millisecond. The behavior of the axial
current and gas temperature in the boundary layer underlying the
breakdown behavior of V is shown in Fig. 6 and 7, for the nominal
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loading of K = 0.6. It can be seen that as the inter-electrode voltage
increases, the Joule heating over the insulator increases leading to the
temperature profile development over the insulator shown in Fig. 6.
Although the core temperature is 2500* K and the wall temperature is
18000 K, the gas temperature is nearly 29000 K at the edge of the laminar
sub-layer of the boundary layer. This increased temperature is due to
the evolving breakdown arc over the insulator as manifested by the axial
current in the insulator region J . shown in Fig. 7. After t = 2 ms the
breakdown arc is well developed and the current density in the core of
2
the breakdown arc overlaying the insulator is nearly 20 amp/cm
As a second illustrative breakdown situation, we consider the same
wall configuration, temperature, and gas conditions but with an imposed
core current J (t) acting on the boundary layer. The core current
J (t) was assumed to be a linearly increasing function of time. In
Fig. 8, the evolution of the axial voltage V due to the linearly
increasing core current is shown as a straight line in the absence of
breakdown. It can be seen that the actual voltage follows this line
until a critical voltage of 30-40 volts is reached. It then reaches a
maximum and finally decreases as the breakdown arc forms. The response
of the gas temperatures at the edge of the laminar sub-layer for the
electrode and insulator regions is also shown in Fig. 8. In the early
stages of evolution when the axial voltage is small, the electrode region
has a higher temperature than the insulator region because of the Joule
heating of the transverse current which enters the electrode and the
corresponding absence of current in the insulator region. As the axial
voltage builds up, however, the breakdown arc finally forms leading to
a large axial current over the insulator. The Joule heating associated
with this current then elevates the insulator temperature far above the
-17-
electrode temperature.
VII. CONCLUSION
A finite difference procedure has been developed for the solution
of the unsteady MHD boundary layer equations. This procedure, when ap-
plied to segmented electrode wall boundary layer flows in combustion
driven MHD generators, predicts the development of inter-electrode arcs
which are initiated when the generator electrical loading is sufficiently
high to give inter-electrode Hall voltages in excess of approximately
40 volts. This predicted breakdown voltage compares quite favorably with
observed breakdown voltages in experimental combustion driven MHD
generators.
-18-
ExCO
uy
Fig. 1. Geometry and configuration of electrode wall
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Fig. 2. Finite element division of electrical behavior into
insulator and electrode regions. Note that Maxwell's
equations in integral form are satisfied exactly on
the contour ABCD by the model functions Eqs. (24).
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Fig. 4. Electrical boundary layer thickness (6e) when fluid
mechanical boundary layer thickness (6) is greater
than electrode/insulator nonuniformity Zm = min(1i, Ze).
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